In this paper we define and study a generalized Drazin inverse x D for ring elements x, and give a characterization of elements a, b for which aa D = bb D . We apply our results to the study of EP elements in a ring with involution.
Introduction
This paper is motivated by a recent work of Castro et al. [2] , which investigates the necessary and sufficient conditions for square complex matrices A, B to have the same eigenprojection at 0. This problem, under more restrictive conditions on A, B was first considered by Hartwig [7] more than 20 years ago.
The formulation of the problem for elements of rings requires the definition of an appropriate analogue of the eigenprojection, the so-called spectral idempotent, well known in the case of Banach algebras. We also define and investigate a generalized Drazin inverse for elements of rings that possess a spectral idempotent. The main result of this paper is a characterization of ring elements with equal spectral idempotents.
In rings with involution we can define the Moore-Penrose inverse and EP elements, that is, ring elements for which the Drazin and Moore-Penrose inverse exist and coincide. We give a new characterization of EP elements based on our main theorem.
Quasipolar elements in rings
In this paper 'ring' means an associative ring with unit 1 ^ 0. Let ^ be a ring. The group of invertible elements is denoted by 3ft~x.
For any element a e^w e define the commutant and the double commutant of a by comm(a) = [x e 3ft : ax = xa}, comm 2 (o) = {JC e 3ft : xy = yx for all y e comm(a)).
The Jacobson radical of 3ft is the two-sided ideal 3ft™* = ( a s l : l + f a C 3ft' 1 }. DEFINITION 2.1 (Harte [5] ). An element a € 3ft is quasinilpotent if, for every x e comm(fl), 1 + xa e 3ft~l. The set of all quasinilpotent elements of 3ft will be denoted by 3ft
qM . The set of all nilpotent elements will be written as 3ft" if a e 3ft \s nilpotent of index k and x e comm(a) (see also [5, Theorem 3 and Theorem 4] ). We note that in a ring, unlike in a Banach algebra, the sum of two commuting quasinilpotent elements need not be quasinilpotent. However, we have the following implication: If a is quasipolar and ap 6 ^n i l with the nilpotency index k, we say that a is polar of order /fc. Any idempotent p satisfying the above conditions is called a spectral idempotent of a. (The term 'quasipolar' comes from [5] , and 'spectral' idempotent is borrowed from spectral theory in Banach algebras [4] . We shall see later that quasipolar elements are exactly the ones which are 'generalized Drazin invertible'-Theorem 4.2.) [3] 
(ii) Clearly, a° C (^a)°. The reverse inclusion is immediate when we take x = 1 in (^a)° = { j e^: xay = 0 for all x € &}. [5]
Elements of rings with equal spectral idempotents
The g-Drazin inverse in rings
The original definition of the 'pseudoinverse' was given by Drazin [3] for elements of semigroups and polar elements of rings. It was generalized by Harte [5] to quasipolar elements, and studied by the first author in [8] in Banach algebras. In this section we survey the properties of the generalized Drazin inverse (called g-Drazin inverse) for quasipolar elements of rings; many of the results will appear in this setting for the first time. The following result ensures that these concepts are well-defined. THEOREM 
An element a e 8f. is g-Drazin invertible if and only if a is quasipolar. In this case a 6 8% has a unique g-Drazin inverse a
0 given by the equation
PROOF. Suppose first that a is quasipolar with the spectral idempotent p, and set
and
Conversely assume that a is g-Drazin invertible with a g-Drazin inverse b, and set p = 1 -ab. Then p e comm 2 (a), and (1 -p) 2 In addition to (4.2) we have the following useful relations between the spectral idempotent and the g-Drazin inverse established in the proof of Theorem 4.2: 
which shows that (a+xaT l = (aa" +x)~la" + (a + a"y\\ -a").
The result follows from the equation
obtained from (4.5).
• 
The Moore-Penrose inverse
An involution x i->-x* in a ring 8ft is an anti-isomorphism of degree 2, that is, A ring 3£ is ^-reducing if all elements are *-cancellable. This is equivalent to a*a = 0 ==> a = 0 for all a. A *-regular ring is a *-reducing regular ring.
Applying the involution to (5.2), we observe that a is *-cancellable if and only if a* is *-cancellable. It is often useful to observe that
a is *-cancellable =$• a*a and aa* are *-cancellable.
Generalized inverses in *-regular rings, including the Moore-Penrose inverse, were studied by Hartwig in [6] . The local *-cancellation property was used by Puystjens and Robinson in [12] to study the Moore-Penrose inverse of a morphism in a category with involution. The condition ||JC*JC|| = ||;c|| 2 guarantees that any C*-algebra (called a Hilbert algebra in [4, Section 8.8]) is a ""-reducing ring. Suppose that a is *-cancellable and a* a is group invertible, and write x = (a*a)*a*. The conditions xax = x, (ax)* = ax and (xa)* = xa can be verified by a direct calculation. By the group invertibility, a*a(a*a)" = 0, and a(a*a)" -0 by *-cancellation. This gives a -axa = a(\ -(a*afa*a) = a(a*af = 0.
THEOREM 5.3. Let a e 3$. Then a € & if and only if a is ^cancellable and a* a is group invertible. Then also aa* is group invertible and
Hence x = a f and the first equation in (5.4) is proved. We observe that a e & if and only of a* € ^> t . Applying the preceding result to a* in place of a, we get the rest of the theorem.
•
The following is the main result on the existence of Moore-Penrose inverse in rings with involution. Many of the equivalences were observed earlier for matrices; we note that the *-cancellability holds automatically in the *-regular ring of complex matrices of the same order. The equivalence of conditions (i) and (ix) was proved by Puystjens and Robinson [12, Lemma 3] in categories with involution. (viii) implies (ix). As we showed, (viii) is equivalent to (vii), and together they yield (ix) (group invertibility implies regularity).
THEOREM 5.4. For a e 3% the following conditions are equivalent:
(ix) implies (x). From aa*xaa* = aa* we get aa*xa = a, and a*aya*a = a*a implies ay a* a = a by the *-cancellability of a. Hence, a e aa*8& n 3?,a*a. . If a*aa*ca*aa* = a*aa*, then, by using the *-cancellability of a twice, we get aa*xa*a = a, which implies a e aa*3$ D 3?.a*a.
• From the equivalence of (i) and (vi) (or (i) and (vii)) in the preceding theorem we recover [9, Theorem 2.4] in C*-algebras and [13, Lemma 2] in *-reducing rings.
Elements with equal spectral idempotents
In this section we give a characterization of elements of 8?. with equal spectral idempotents. In view of (4.5) we observe that
This problem was studied by Hartwig [7] for matrices over a ring in the special case when ba l+l -a 1 and ab k+{ = b k . Our investigation is motivated by a recent study of Castro et al. [2] for the case of complex matrices. 
, a n e comm(fc) and
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700003657
[11]
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PROOF. The equivalence of (i) and (ii) is Definition 2.2.
(ii) if and only if (iii). We show that under the assumption a" e comm 2 (&) and
Observe that
Since a D + a" e £&~\ from (6.2) we obtain a°b + a" e &r 
This proves the equivalence of (ii) and (iii).
(iii) implies (iv). Let (iii) hold. From the equivalence of (i) and (iii) we conclude that a 71 = b". Then
n view of (4.5), and (iv) follows.
, and 
EP elements in rings with involution
Complex matrices and Hilbert space operators A with the property that the ranges of A and A* coincide are known as EP or range-hermitian operators. For a discussion of EP matrices see [ 1, Chapter 4] . A detailed study of EP elements in involutory rings was undertaken by Hartwig [6] . The concept has been studied recently in the setting of C*-algebras [10] . DEFINITION We recall the following well known characterization of EP elements (see, for instance, [6, 10] ):
In [2] , the authors gave characterization of complex EP matrices based on properties of matrices with the same eigenprojection at 0. This section is motivated by these results. The key to the characterization of EP elements is the following proposition involving equality of spectral idempotents of various elements given without proof in [10, Corollary 2.2] in the setting of C*-algebras. By Theorem 6.1 (vi) applied to b = a* we get (a*)" = a"; hence a is EP by Theorem 7.2 (ii). Conversely, if a is EP, then according to Theorem 7.2 (ii) a is group invertible, and a" = (a*)" = (a*)*, that is, a" is symmetric; then a*a is also symmetric.
In the following theorem we obtain a particularly simple and elegant characterization of EP elements in a ring with involution. PROOF. Assume that a € ^? gD ; then'also a* e Under this assumption, the equivalence of (a) and (c) follows from the equation a* -a*a°a = a*(I -a°a) = a*a". Applying (a) to a* in place of a and taking involution, we see that (a) is equivalent to (b); similarly, (c) is equivalent to (d).
Suppose 
